Analytical formulae suitable for numerical calculations of the secondand third-order auxiliary functions A 2 (k, m, a, b) and A 3 (k, , m, a, b, c) are presented. These formulae can directly be used in highly accurate calculations of the A 2 (k, m, a, b) and A 3 (k, , m, a, b, c) functions. In turn, the highly accurate auxiliary functions of the second and third order are used to compute various four-body integrals, fourth-order auxiliary functions A 4 (k, , m, n, a, b, c, d) and so-called general four-body integrals. The A 2 (k, m, a, b) and A 3 (k, , m, a, b, c) functions can be used to solve a large number of four-, five-and many-body problems from atomic, nuclear and molecular physics.
Introduction
In this communication we discuss the problem of highly accurate computations of the few-body auxiliary functions which play a very important role in many few-body problems of atomic, molecular and nuclear physics. Originally, the few-body auxiliary functions were introduced to solve the atomic four-body problems by James and Coolidge [1] . In fact, the computation of the bound states in various few-electron atomic systems is reduced to the calculation of these auxiliary functions. The explicit forms of such functions of the lowest orders are (see e.g. [2] [3] [4] and references therein) 
where all values k, , m are integers. The first integer parameter k is always non-negative, while m (in the A 2 and A 3 functions) can be positive, equal to zero or negative. The three parameters a, b, c are real positive numbers. The three auxiliary functions A 1 , A 2 and A 3 are sufficient to solve a number of actual four-body problems. For five-, six-and many-body problems one has to use the auxiliary functions A n with index n greater than 3. The auxiliary functions with index greater than 3 can be determined in an analogous manner (see e.g. [5] and below). Note that in this study the auxiliary functions of the order n (where n = 1, 2, 3, . . .) are designated by the notation A n . In the literature, (see e.g. [1] [2] [3] ), the notation A, V and W stands for the auxiliary functions of the first, second and third orders, i.e. for the A 1 , A 2 and A 3 functions. Presently, we restrict ourselves to the case of four-body systems, i.e. to the three auxiliary functions A 1 , A 2 , A 3 of the lowest orders. Our first goal is to derive some simple and numerically stable formulae and recurrence relations for these functions which can be directly used in numerical calculations. Note that the first recurrence relations for the A 2 (k, m, a, b) and A 3 (k, , m, a, b, c) functions were produced by James and Coolidge [1] . However, later [2] (see also [3] ) it was shown that such recurrence relations are not numerically stable for negative m. In this study we develop an approach which allows one to compute the A 2 (k, m, a, b) and A 3 (k, , m, a, b, c) auxiliary functions for arbitrary values of their arguments to very high (in principle, unlimited) numerical accuracy. All our formulae are tested in actual computations. Moreover, by using the formulae derived by Perkins [6] we also computed highly accurate numerical values for a number of actual four-body integrals. In section 4 we discuss some new applications for the A 2 (k, m, a, b) and A 3 (k, , m, a, b, c) auxiliary functions. 
Computational formulae for the second-and third-order auxiliary functions
where 
These formulae can be used in computations of the second-and third-order auxiliary functions In fact, very similar relations can be found for the few-body auxiliary wavefunctions of arbitrary order n. For instance, for the five-body auxiliary function A 4 (k, , m, n, a, b, c, d) one finds the following formula:
where n is non-negative. This formula can be directly used in computations of the five-body auxiliary functions in the cases when all integer parameters are non-negative. The five-body auxiliary functions are of paramount importance in the bound-state and scattering calculations of various five-body systems, e.g. the beryllium atom and beryllium-like ions. In the second case, when m = 0, we have [4]
where k is an arbitrary (non-negative) integer. In the case when k = 0, m = −1, the expression for the A 2 (k, m, a, b) function takes the form
Analogously, for the A 3 (k, , m = 0, a, b, c) auxiliary function one finds
By using equation (3) 
The third case, when m < 0, is of great interest in applications. In this case we can write [4] 
and
is the usual gamma function and n is always a positive integer; (1) n = n! in this notation. In fact, in the present case we always have 0 < z < 1 and k + m + 2 < k + 2.
The analogous expression for the A 3 auxiliary function takes the form [4]
where the coefficients
where
Note that all formulae for the A 2 and A 3 auxiliary functions contain only the hypergeometric functions of special kind, i.e. the 2 F 1 (1, a; c; z) functions, where also a < c and z < 1. This simplifies drastically the numerical calculations of such functions. Furthermore, by using equation (12) 
In fact, this relation follows directly from the definition of the 2 F 1 (1, a; c; z) hypergeometric function, equation (11) . In the present case, we also have a < c. Note that all our present calculations are performed using high-precision arithmetic [9, 10] . The arithmetic accuracy is equivalent to 116-320 decimal digits. In particular, to compute the table 1 we used multi-precision variables with 280-320 decimal digits. However, due to the presence of a few infinite series the overall accuracy of our computations can be evaluated as ≈144 decimal digits. In fact, such an accuracy can easily be increased to ≈1000 decimal digits for each computed auxiliary function. The original versions of tables 1-3 included 116 decimal digits. These tables can be obtained from the authors. However, the versions presented here contain only 65, 52 and 70 decimal digits, respectively, for each computed function (or integral). Note also that in our previous studies we successfully used the extended arithmetic accuracy to solve a number of three-body problems (see e.g. [11] and references therein).
Calculation of the four-body integrals
The second-and third-order auxiliary functions A 2 and A 3 are of paramount importance, since these functions allow one to compute the so-called four-body integrals [6] 
where K , L, M, n 1 , n 2 , n 3 are integer numbers, while α, β, γ are three real (positive) numbers. In actual computations the r 23 , r 13 and r 12 variables are expressed in terms of 'radial' coordinates r 14 , r 24 , r 34 and three Legendre polynomials which depend on the three angular variables [6] . After the integration over angular variables, one finds the final expression which is the infinite sum (in some cases, the finite sum) of the auxiliary functions [6] . The explicit expression for the integral, equation (15), takes the form [6] 
2 ]) and C m n are the binomial coefficients. As follows from this formula the computation of the four-body integrals is a very complex problem. Indeed, in the general case, such a four-body integral, equation (16), includes a significant number of terms (e.g., many thousands of terms). An additional problem is the relatively slow convergence of the Perkins formula, equation (16), for some four-body integrals. Briefly, the highly accurate evaluation of the four-body integrals I(K , L, M, n 1 , n 2 , n 3 , α, β, γ ) is a very serious test for any approach which is proposed for computation of the auxiliary functions A 2 and A 3 of the second and third order.
In general, by using this formula one can determine, in principle, an arbitrary four-body integral. In particular, the values for some of such integrals can be found in table 2. Note that the numerical values for some integrals presented in table 2 coincide very well with the corresponding values determined in [2, 4, 12] . However, our table 2 contains significantly more stable decimal digits for each of these integrals. Originally, we wanted to determine these integrals with the maximal numerical accuracy. However, there are complications related to the slow convergence of the Perkins expression equation (16) for some four-body integrals. Finally, for some integrals in table 2 the total number of stable decimal digits is significantly less than 116 decimal digits. In general, the number of stable digits has been determined from a series of computations with different q max in equation (16). The total number of terms in equation (16) (q max ) has been increased in each case by 50%. The stable decimal digits for each of the considered four-body integrals in table 2 have been determined by comparing the results of such calculations. To illustrate the very slow convergence for the first integral in table 2, note that the term W (q) with q = 11 500 000 is only ≈1.439 times smaller than the analogous term W (q) with q = 10 500 000. The numerical value of the term W (q = 10 500 000) is ≈5.078 409 535 × 10 −30 . This gives us a principal limit (≈25-27 decimal digits) for the Perkins formula in computations of the first integral in table 2. In general, such a limit does not depend upon the arithmetic accuracy used in calculations. Note also that the use of extended numerical precision allows us to perform a detailed study of the convergence of the computed four-body integrals in many special cases.
Applications of the second-and third-order auxiliary functions
As we mentioned above, the known second-and third-order auxiliary functions are extensively used to compute the four-body integrals equation (15) . In turn, such integrals are used to solve Table 1 . Auxiliary functions A 2 (k, , a, b) and A 3 (k, , m, a, b, c) for different values of the parameters. In all computed functions a = 2.5, b = 1.5 and c = 0.5. 
for different values of the parameters. a number of four-body problems. Note, however, that all applications of equation (15) are restricted to the one-centre systems, i.e. to the four-body systems in which an infinitely heavy (i.e. central) particle exists. Such systems include the lithium atom, various lithium-like ions, positronium hydride HPs ( ∞ H + e − e − e + ) and a few other similar systems. In order to consider the four-body systems with arbitrary masses one needs the general four-body integrals which are significantly more complicated than integrals defined by equation (15) . The general fourbody integral has the form L, M, n 1 , n 2 , n 3 , a 12 , a 13 , a 23 , a 14 , a 24 , a 34 
where the parameters a 12 , a 13 , a 23 , a 14 , a 24 and a 34 are the six real and always positive numbers.
In general, the computation of the four-body integral, equation (18), is a very complex problem by itself. However, if the three parameters a 12 , a 13 and a 23 are relatively small, then the integral I 4 can be reduced to a sum of four-body integrals from equation (15) . The explicit expression takes the form
where [15] . Note that Fromm and Hill [13] (see also [14] ) proposed the direct method which can be used to compute the general four-body integral I 4 , equation (19) . By using formula (19), we calculated the four-body integral I 4 for K = 3, L = 2, M = 1, n 1 = 1, n 2 = 2, n 3 = 0, a 12 = 0.1, a 13 = 0.085, a 23 = 0.097, a 14 = 2.5, a 24 = 2 and a 34 = 1.5. The numerical value of this integral computed with n 1 = n 2 = n 3 = 10 is ≈1.189 335 704 424×10 2 . The analogous result for n 1 = n 2 = n 3 = 11 is 1.189 335 705 494 × 10 2 , while for n 1 = n 2 = n 3 = 12 we have 1.189 335 705 595 × 10 2 . Thus, formula (19) allows one to determine the approximate numerical value of the considered four-body integral I 4 . Currently, we are trying to develop the new, efficient and optimal approach for highly accurate calculations of the general four-body integrals. The numerical results for a number of four-body systems will be published elsewhere.
Note also, that our present approach can also be generalized to the case of five-body systems, e.g. to the beryllium atom and beryllium-like ions. For the five-body systems the auxiliary functions of the fourth order A 4 (k, , m, n, a, b, c, d) 4 (k, , m, n, a, b, c, d ) functions contains no difficulties. However, in table 3 we restricted to the case when n 0. The case of negative n is extremely complex and requires a separate consideration. The explicit expression for the A 4 (k, , m, n, a, b, c, d ) function in the case of negative n is
This formula has two small parameters and can be directly used in highly accurate calculations of various five-body systems. Note, however, that for five-body systems the formula which represents the expansion of the corresponding five-body integral in terms of the auxiliary functions A 4 (k, , m, n, a, b, c, d ) has not been produced yet. Moreover, for five-body systems one finds an additional and very serious problem which complicates computations of the fivebody integrals: as follows from the Euler theorem, there are 10 interparticle (or relative) coordinates for an arbitrary five-body system, but only nine of them are truly independent (see, e.g., discussion in [15] ).
Conclusion
Thus, in this study we have presented a few relatively simple analytical formulae for the auxiliary functions of the second and third order A 2 (k, m, a, b) and A 3 (k, , m, a, b, c) . The formulae can directly be used in numerical computations, since they are stable and easy to program. Moreover, the accuracy of such calculations for the four-body systems can now be made arbitrarily high. This study essentially marks the final step in the development of highly accurate procedures for the four-body integral, which are based on the Perkins formula, equation (16). The developed approach eliminates a number of computational restrictions which were crucial in earlier studies (see e.g. [2, 4, 12] ). Furthermore, it opens a new chapter in highly accurate computations of four-body systems. We also discuss some new applications for the auxiliary functions of the second and third orders. In particular, it is shown that these functions can be used in the computations of five-and many-body systems. Another application of the auxiliary functions of the second and third orders is related to the calculation of the general four-body integrals, equation (19).
